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Let X be a Noetherian prescheme and E a locally-free coherent Ox-module 
of rank Y. A sequence of global sections s1 , s2 ,..., s, of E is called a Serre 
sequence if F(s, , s~+~ ,..., sr) = (zc E X0 1 sp(x) ,..., s,(x) are linearly dependent 
vectors in E(x)) has codimension 2 p in X,, for 1 < p < Y, where X,, is the 
subspace of X consisting of closed points. 
If X is affine the existence of such sequences was shown in [6]. In this 
paper we extend this result of J.-P. Serre to a larger class of noetherian 
preschemes which includes most of those which arise in geometric practice. 
In the case when X is a Jacobson prescheme of Cohen-McCaulay type, we 
show, via the generalized Koszul complex, that a Serre sequence of E gives 
Gr’(X)-valued Chern classes of E, where Gr’(X) is the graded Grothendieck 
ring of X with respect to the h-filtration. 
Throughout this paper we shall assume every prescheme to be Noetherian. 
1. SERRE SEQUENCES 
Given a prescheme X we let X,, be the subspace of X consisting of closed 
points with the induced topology. We say a prescheme X is residually infinite 
if the residue fields K(X) are infinite for all x E X0 . If E is a coherent Ox- 
module, we say that E has residual rank > r if for each point x E X,, the 
vector space E(x) = E Q,, K(X) has d imension > Y  over the residue field 
K(X). The rank of E is to be defined as the largest integer r with this property. 
Ifs, )...) szl are global sections of E, we setF(x, ,..., s@) = {x E X0 1 Q(X),..., ss(x) 
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are linearly dependent vectors in E(x) over K(X)}, which is obviously a closed 
subset of X,, . More generally we defineF$(Sr ,..., sD) = {x G X,, 1 the subspace 
of E(x) spanned by Q(X),..., sB(x) has dimension < p - j} so that 
F(s, I..., s,) = F,(s, ,..., sD). A sequence sr ,..., s, of global sections of E 
where n = rank E will be called a Serre sequence if codim(F(s, ,..., s,) in 
X0) > p for all p = 1, 2,..., n. The purpose of this section is to prove the 
existence of Serre sequences under a mild condition. It originates in [3, 61 and 
our proof is a modified version of the one given by Bass in the affine situation 
[2]. The reader may note that the Chinese remainder theorem which is the 
core of the proof in affine situation ([2], [a) d oes not hold in global situation. 
First we note the following trivial lemmas. 
LEMMA 1.1. Let X be a pvescheme and A a finite set of closed points such 
that K(X) is a$nite$eldfor all x E A. Given an integer n, there exists aprescheme 
X’ together with a jinite faithfully-jut morphism 7~ : x’+ X such that r is 
unibranch on A and [K(x’) : ~(rr(x’))] > n for all x’ E +(A). 
Proof. Let p be a prime large enough so that the pth cyclotomic poly- 
nomial vp(t) is irreducible over K(X) for all x E A. Let 
X’ = x x ~Pw~m&N)~ 
I f  p > n + 1, X’ has the required properties. 
LEMMA 1.2. Let V be a finite dimensional vector space over the $eld k. I f  
k is infinite then V is not a jnite union of proper linear subspaces. If  k is aJinite 
field with q elements, then V is not the union of fewer than q + 1 proper linear 
subspaces. 
Proof. The statement for the infinite field case is clear. I f  k is a finite 
field with q elements, and dim V = n, any proper linear subspace of V has at 
most qn-l elements. If  the assertion is false then q * q+-l - 1 3 4% which is 
absurd. 
Now let X be a Y-prescheme where VT : X+ Y denotes the structural 
morphism, and let E be a coherent Ox-module. Given a morphism Y’+ Y, 
we shall denote by X’, E’ the corresponding base change of X, E resp. A 
morphism QT : X-t Y will be called quasi-closed if ‘R(XJ C Y, . 
PROPOSITION 1.3. Let Y be a Noetherian afine scheme and m : X- Y a 
quasi-closed morphism of jinite type. Let E be a coherent Ox-module spanned by 
the global sections, and r a nonnegative integer < rank E. Then after a Jinite 
faithfully-flat base change Y’ + Y, one can find global sections s1 , s2 ,..., s, in 
r(X’, E’) such that codim Fj(sl ,..., s,) 2-j + 1 (0 <j <Y) where we may 
take Y’ = Y in case when Y is residually infinite. 
481110/4-4 
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Proof. We argue by induction on r the case Y = 0 being vacuous. Now 
let r > 0 and suppose that the global sections si ,..., s,-i in r(X’, E’) have 
been found so that codim Fj(sI ,..., s,-,)>j+l for O,<j<r-I. We 
replace Y by Y’ and X by X’. We choose once and for all a finite set of global 
sections in r(X, E) which generate E, and for each pointy E Y0 , let M(y) be 
the subspace of r(X, , E,) over K(Y) spanned by these global sections under 
the canonical map r(X, E) -+ I’(X, , E,) where X, = X x rSpec(~(y)) and 
E, = E @s,, K(y). For each point x E X,, we defineL(x) to be the subspace of 
M(T(x)) given by L(x) = {s E M(rr(x))i ( ) . s x IS contained in the subspace of 
E(x) spanned by si(x),..., s,.-i(x)}. Note that L(x) is a proper linear subspace 
of M(,(x)) since r - 1 < rank E whereas M(+x)) generates ETlz) . We 
now choose, for each - 1 < j < r - 1, a closed point xLj in the kth com- 
ponent of Fj(sI , . . . , s,-J of codimensionj + 1 but not in any other component, 
nor in F,+l(sI ,..., s r-i), and we set d to be the collection of these points xki . 
If, for each y E a(d), K(Y) is an infinite field, then M(y) - lJ2Ea-I~V)r’ld L(x) is 
not empty. If K(y) is a finite field for some y E n(d), it follows from Lemmas 1 
and 2 that we can find a finite faithfully-flat base change Y’-+ Y which is 
unibranch on V(A) such that 
WY’) - Us’wqy’md~w) 
= M(Y) 8 ‘@“) - U~+~~~C-UI L(X) @ ‘6”) 
is not empty where A’ is the finite set of closed points in X’ lying above A, 
and y’ is the point on Y’ lying above y. Thus replacing Y by Y’ if necessary 
we may and shall assume that M(y) - UEa-lu,)ndL(x) is not empty for all 
y E T(A). Since Y is affine and v(A) is a finite set of closed points in Y, we can 
find a global section s, in r(X, E) whose image under r(X, E) + I’(X, , E,) 
is in WY) - Uren-qyjn~ L(x) for all y E +A). Then 
dim(s,(x),..., s,-~(x), s&>) > dim(sdx),..., s,-dx)) 
at all x E A, and hence xile $ Fj+$(sI ,..., s,-r , s,). But 
Fj+,(s, 9..., G-I , +> CFj(s, ,...> ~1) 
and therefore codim Fj+l(sl ,..., s,) aj+2whereO <j+ 1 <r. 
The following are key lemmas for the main theorems in this section. 
LEMMA 1.4. Let R be a $nite-dimensional semi-simple commutative algebra 
over afield k, and let W be an R-modulegenerated by wi ,..., w, . If rank, W < r 
at all x E Spec(R), then there is c2 , cQ ,..., c, in a finite extension$eld k’ 1 k such 
that w; = wi + ciwI , i = 2, 3 ,..., r, generate w’ = W Ok k’ over 
R’ = R Ok k’ where k’ may be taken to be equal to k if k is an infinite field. 
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Proof. Let R = R,@R,@*-*OR,,, where Ri 3 k is a finite extension 
field. We let K be the algebraic closure of k. Now Wi = W OR Rj is a finite- 
dimensional vector space over Rj generated by w, , . . . . w, . Since Y > [ Wi : R,], 
it follows that there is a nonempty Zariski open subset Vi C Kr-l defined 
over k such that, for all points 
c = (c2 , cs ,..., c,) in Uj , w; = wi + ciwl , i = 2, 3 ,..., Y, 
generate Wi OR, K. Then for each point c = (c2 , cQ ,..., c,) in 
u, n u, n -** n u, , w; = wi + C,Wl(i = 2, 3 )...) Y) 
generate W Ok K over R OR K. Since U, n *** n U, is a nonempty Zariski- 
open subset of Kr-l defined over k, it follows that there is always a k’- 
rational point for some finite extension field k’ 1 k which may be taken to be 
equal to k if k is an infinite field. 
LEMMA 1.5. Let X, E be as in Proposition 1.3, and let s, , s2 ,..., s9 be the 
global sections of E such that codim Fj(sl ,..., s,) 2 j + m for 0 <j <p. 
Then after a$nite faithfully-flat base change Y’ + Y which may be taken to be 
the identity if Y is residually infinite, one can Jind a2 , a3 ,..., a9 in r( Y’, O,,) 
such that if we set s; = si + aisl for i = 2, 3,...,p then 
codim Fj(sk ,..., sk) >j + m + I for 0 <j <p - 1. 
Proof. For each j <p we choose the closed points xki in the kth com- 
ponent of Fj(sl ,..., sP) of codimension j + m but not in any other component 
nor in Fj+,(s, ,..., s,), and let Ai be the collection of these points xkj . We 
thus note that dim(s,(x),..., s*(x)) = p - j - 1 for all x E Aj . We 
set A = L$,U .** u ASvl . For each pointy E r(A), we set 
R(Y) = Oean-‘(y)ml 443 
V(Y) = @ER+wnd E(x), and W(y) = the R(y)-submodule of V(y) generated 
by the images of s1 , s2 ,..., sg . Note that R(y) is a finite-dimensional algebra 
over K(Y) since X is of finite type over Y, and that 
[K(X) @R(y) W(y) : K(X)] < p for all x E n-l(y) n A = Spec(R(y)). 
It follows by Lemma 1.4 that one can find cp , c3 ,.,., cg in a finite extension 
field R’ 1 K(Y) such that s,(y) + cisl(y) for i = 2, 3,..., p spans W(y) @Ctr) k’. 
Since r(A) is a finite set of closed points in an affine scheme Y, it follows 
that, after a finite faithfully-flat base change Y’ --f Y which is unibranch over 
n(A), one can find a2, a3 ,..., a, in r(Y’, Oy,) such that si = si + aisl 
2 < i < p span W(y’) for ally’ lying above r(A). In particular 
dim(sg(x’),..., sa(x’)) = dim(sl(x’),..., sJx’)> = p - 1 -j at all x’ E A; 
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so that 43: n F~(s,’ ,..., sb) = p. But Fi(si ,..., sb) CFj(s, ,..., s,) and therefore 
codim Fi(sL ,..., s;) 2 j + m + 1. 
THEOREM 1.6. Let Y be a Noetherian afine scheme and rr : X + Y a 
quasi-closed morphism of Jinite type, and E a coherent &--module spanned by its 
global sections. Then E admits a Serre sequence after a finite faithfully flat base 
change Y’ + Y which may be taken to be the identity sf Y is residually infinite. 
Proof. Let r = rank E. By Proposition 1.3 one can find global sections 
(1’ (1’ $1 9 $2 >***, 7 so’ of E such that codim Fj(sil’, SF’,..., sp’) > j + 1 for 0 <j < Y, 
after a finite faithfully-flat base change if necessary. A repeated use of Lemma 
1.5 gives for each 1 < p < r, a sequence of global sections SE’, s$r ,..., sy’ 
such that codim Fi(sp’, ssr ,..., SF’) > j + p, and sy’+” = sjs’ + c&’ for 
some Ci E r( Y, Or). Set S, = SF’ and consider the sequence of global sections 
Sl 3 s2 ,***, ST . Since s, , sP+r ,..., s, and SF’, sp+\ ,..., sp’ span the same sub- 
module of r(X, E) over r( Y, Or), it follows that 
codimF(s, ,..., s,.) = codimF,,($‘,..., SF’) 3 p. 
COROLLARY 1.7. Let X be a prescheme as in Theorem 1.6. Given a locally- 
free coherent Ox-module E generated by global sections, there is an exact sequence 
(after a finite faithfully-flat base change sf necessary) 
O-0,” +E+E’+O 
of locally-free coherent Ox-modules such that rank E’ < dim X0 . 
Proof. If rank E < dim X,, there is nothing to prove, and thus assume 
that r = rank E > dim X,, = m. Choose a Serre sequence sl , s2 ,..., s, of E. 
Then codim F(s,+, , s~+~ ,..., s,) 3 m + 1 > m entails that F(s,+~ ,..., sr) = @ 
and therefore (s,+~ @ a** @ s,) : Oj;-m + E splits locally. Thus if we set 
E’ = Coker(s,+, @ -9. @ s,), then 0 + Ok- + E---f E’ + 0 is an exact 
sequence of locally-free coherent Ox-modules and rank E’ = dim X0 . 
COROLLARY 1.8. Let X be a quasi-projective scheme over a Noetherian 
afine scheme Y with a very ample sheaf O,(l). Assume that rr : X + Y is 
quasi-closed. Then for any locally-free coherent Ox-module E, there is an exact 
sequence (after a Jinite faithfully-flat base change zf necessary) 
O+OX(-~)N+E+E’+O 
for some integer v  such that E’ is a locally-free coherent Ox-module whose rank is 
< dimX,. 
Proof. Since X is quasi-projective, there is an integer v such that E(v) is 
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generated by global sections. It follows from the above corollary that there 
exists an exact sequence 0 --+ OrN + E(v) --+ E’ -+ 0 such that 
rank E’ < dim X,, , and hence 0 + OX(-~)N + E + E’(v) -+ 0 is exact. 
2. SERRE SEQUENCES AND CHERN CLASSES 
Let X be a prescheme. Throughout this section a locally-free coherent 
Ox-module should be understood to have a constant rank. Now let E, F be 
locally-free coherent Ox-modules of ranks m, n resp., where m > n. Given a 
Ox-homomorphism 01 : E --+ F, there is associated a canonical chain complex 
K(a) of the form: 
where F* = Homox(F, 0,). Note that the length of the chain complex K(or) 
is necessarily m - n + 1 and that it coincides with the usual Koszul complex 
in the case when F = 0, . Details can be found in [4]. For our purpose we 
only need the following fact: 
(*) Set I(a) = Ann(Coker An a). Then for each point x E X, K(a)$ is 
acyclic if and only if I(ol)= - depth O,,, > m - n + 1. 
Now let E be a locally-free coherent Ox-module and let si , s2 ,..., s, be a 
sequence of global sections of E, where r = rank E. For each 1 < p < r, 
let sP @ *.* @ s, : 0F9+l ---f E be the Ox-homomorphism given locally by 
(fi ,..., fr)+Cfisi, and let (sP@ ..e@+)*: E*+Or”+l be its dual 
homomorphism. We shall denote by K(p ; si ,..., s,) the generalized Koszul 
complex associated to (s, @ *.. @ s,)* : E* + OT,-“+i. We note that the 
length of the complex K(p; si ,..., sT) is r - (y - p + 1) + 1 = p. We also 
set I(p; si ,..., sr) = Im(Ar-g+l (sp 0 *.a @ s,)*) and denote by Z,(s, ,..., s,) 
the subprescheme of X whose structural sheaf is given by 
W(p; Sl ,..‘> s,) = Ho(K(p; Sl ,-..> ST)). 
Thus the sequence si ,... , s, of the global sections of E yields a sequence of 
subpreschemes 
Z,(s, ,..‘, s,) 3 Z,(s, )...) ST) 3 --* 3 Z&l )...) s,). 
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THEOREM 2.1. Let X be a Jacobson prescheme, i.e., for awry closed subset 
Z in X, Z n X,, is dense in Z, E as locally-free coherent Ox-module of rank r, 
and let s1 ,..., s, be a sequence of global sections of E. If Ox,, is Cohen-McCauley 
at all points x E X, then s, , sr ,..., s, is a Serre sequence of E if and only if 
@Pi Sl ,*a*> s,) is acyclic for 1 < p < r. 
Proof. F(s, ,..., ST) = {x E xll I s&),..., s,.(x) are linearly dependent vec- 
tors in E(x) over 
K(X)} = {x E x0 /[AT--p+1 (sp @ -0. @ s,.)*](x) : (A-f1 E*)(x) --+ Ox(x) = K(X) 
is zero-map} = (x E X0 I[Ar--P+l (sP @ ... @ sr)*lz : (AT-a+1 E*)z + Ox,, 
is not a surjection} = X0 n Supp Z,(s, ,..., s,). If X is a Jacobson prescheme 
then codim(X, n Z,(s, ,..., s,) in X,,) = codim(ZD(s, ,..., s,) in X) and 
therefore si ,..., s, is a Serre sequence if and only if 
codim(Z,(s, ,... , s,) in X) 3 p 
for 1 < p < r. If furthermore Or,, is Cohen-McCauley at every point 
x E X, then codim(Z,(s, ,. . ., s,) in X) 3 p if and only if 
I(p; Sl ,..., s,), - depth OX,, 3 P 
at every point x E X. It follows from (*) that si ,..., s, is a Serre sequence if 
and only if K(p; si ,..., s,) is acyclic for 1 < p < r. 
COROLLARY 2.2. Let X be a Jacobson prescheme of Cohen-McCauley type. 
Then for any Serre sequence s1 ,..., s, of a locally-free coherent Ox-module E, 
Z&l t-.-P s,) is a Jacobson prescheme of Cohen-McCauley type for 1 < p < r. 
In particular if X is equidimensional then Z,(s, ,..., s,) is of pure codimension p. 
Proof. Let x be a point in Supp Z,(s, ,..., s7). Since K(p; sr ,..., s,), is a 
free resolution of (0,/1(p; sr ,..., s,), as Ox,,-module of length p, it follows 
that hd Or,,/l(p; s, ,..., s,), < p where hd = homological dimension of 
Ox,z-module. It follows from the equality 
hd O,$(P; sl ,...I s,), + depth &,,P(P; s1 ,..., 4, = depth OX,, 
that 
depth Or$(p; si ,..., s,), 3 depth O,,, -p = dim Ox,, -p 
(since Or,, is Cohen-McCauley). On the other hand, 
dim Ox,,/I(p; s1 ,..., s,), < dim OX,, - P (see VI> 
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sinceI(p; s1 ,..., s,) is the ideal generated by the minors of an r x (r - p + 1) 
matrix. Consequently 
depth Ox,,/l(p; s1 ,..., s,), 3 dim OX$(P; s1 ,..., s,) 
and hence it is Cohen-McCauley. 
Conforming with classical intersection theory of cycles on nonsingular 
variety, we may define the concept of rational equivalence of subpreschemes 
as follows: Given a prescheme X let X[t] be the affine line over X, i.e., 
X[t] = X x Spec(Z[t]). For I = 0, 1, we shall denote by X(Z) the closed 
subprescheme of X[t] defined by the ideal (t - 2) Oxttl . Note that X(Z) is 
canonically isomorphic to X. Now let Z, , Zi be closed subpreschemes of X. 
We say that they are rationally equivalent on X if there exists a closed sub- 
prescheme W of X[t] with Torp[tl(Ox(l) , 0,) = 0 for j > 0, Z = 0, 1 such 
that X(0) xxrtl W = Z, and X( 1) xxLtl W = Z, . 
LEMMA 2.3. Let R be a ZocaZ ring and consider a linear map f  : 
RnL + Rn (m > n). Let a be an element in R such that K( f  ) @ R/aR is 
acyclic. Then TorjR(R/aR, RII( f  )) = 0 for j > 0 provided a is not a zero- 
divisor on R. 
Proof. We may certainly assume that a is in the maximal ideal of R. We 
set R = RIaR and let f  : Rm + Rn be the induced map from f. Note that 
I(f) =I(f)+aR/aR =I(f)/I(f)naR. If  K(f) = K(f)@,R/aR is 
acyclic, then I(f) - depth R > m - n + 1 and thus we can choose 
u 1 , % v--*7 %-n+1 in I( f  ) which is an R-regular sequence. If  a is not a zero- 
divisor on R, then a, ul ,..., u,-,+~ is an R-regular sequence and therefore 
ui ,..., u,-,+r is an R-regular sequence since R is local. This means that 
I( f  ) - depth R 3 m - n + 1 and hence K( f  ) is a free acyclic resolution 
of R/Z( f  ). Consequently TorjR(R/aR, R/1( f  )) = Hj(K(f)) = 0 for all j > 0. 
COROLLARY 2.4. Let X be a Jacobson prescheme of Cohen-McCauZey type, 
and let E be a locally-free coherent Ox-module of rank r. I f  s1 ,..., s, and s; ,..., s: 
are both Serre sequences of E, then Z,(s, ,..., sr) and Z,(s; ,..., sk) are rationally 
equivalent for 1 < p < r. 
Proof. Consider the locally-free coherent Ort,]-module E[t] and the 
sequence of global sections tr , ta ,. .., t, of E[t] defined by ti = tsi + (1 - t) si . 
It is clear that X(0) x x[t] ~,k ,..., 4.1 = -&is; ,..., $1 and 
X(1) xx[t] Z&l ,..., tv) = Z&l ,-a*, 4, 
and it suffices to see that Tor~~ttr(Or(a) , Oz,(,lP...,,~) = 0 for j > 0, I = 0, 1. 
But for each point x E X(0) n ZD(tl ,..., t?.) = Z,(s; ,..., si), t is not a zero- 
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divisor on OX[t],z and K(p; t, ,..., tr)z @ OX(0),r = K(p; S; ,..., si) is acydic 
and hence Torprtl(Ox(o) , 0, td D 
Likewise Torp[cl(O,(,) , Oz ct 
l,...,t,~) = 0 for j > 0 by the above lemma. 
t )) = 0 smce t -. 1 IS not a zero-divisor on D I’...’ , 
0 xrt1.z * 
The above corollary shows that the rational equivalence classes represented 
by the Z,(s, ,..., s,) for 1 < p < Y do not depend on the choice of Serre 
sequence, i.e., are invariants of E. In the case when X is a nonsinguIar quasi- 
projective variety defined over an algebraically closed field (so that the Chow 
ring A(X) is defined), a simple computation shows that the cycle class in 
A(X) represented by Z,(s, ,..., sr) is precisely the 9th Chern class of E 
(see [5]). In th e g eneral case we may consider the graded ring with respect 
to the h-filtration introduced by Grothendieck (see [I]). We recall briefly its 
definition: Let K(X) be the Grothendieck ring gotten from the category of 
locally-free coherent Ox-modules (of constant rank) on the prescheme X. 
K(X) has a natural structure of h-ring, i.e., there exist operations 
Ai : K(X) += K(X) such that An (the class of E) = the class of A” E, and 
X”(x + y) = CyzO hi(x) X”-“(y) for all x, y in K(X). Thus if we 
define At : K(X) + K(X)[[t]] by h,(x) = Ciao hi(x) ti, then 
bb +r> = u4 h(Y). 
Following Grothendieck we set rt(x) = X,,,-,(x). Then X,(x + y) = h,(x) h,(y) 
entails that Y~(X + y) = yt(x) rt( y). Th us if we let ri(x) be the coefficient of 
ti in yl(x), then Y”(X + y) = Ciao ri(x) r”-“(y). We note the equality 
y*(x) = An(, + n - 1) which follows from a trivial computation. 
Now let E : K(X) -Z be the rank function, i.e., E (the class of E) = 
rank E, and let K,(X) be the subgroup of K(X) generated by the monomials 
+(x1 - E(+)) ynz(x2 - E(xJ) *.. +(xr - E(+)) where CLzl ni 2 n. Then 
K(X) = &P7 ’ ax> 
and K,(X) * K,(X) C K,+,(X) and Gr’(X) = OnaO K@YKn+l(X> is 
a graded ring. If X is a nonsingular quasi-projective algebraic variety over 
an algebraically closed field, then there is a natural isomorphism 
q : A(X) @ Q + Gr’(X) @ Q of graded rings, and for any locally-free 
coherent Ox-module E, ?(pth Chern class of E) = the class in Gr’(X) @ Q 
represented by yp(x - c(x)) w h ere x is the class in K(X) represented by E. 
This is the origin of this y-operator, and y”(x - E(X)), which is a homogeneous 
element of degreep in Gr’(X), is called the Gr’(X)-valuedpth Chern class of 
E. 
Given a prescheme X, let Vx be the category of locally-free coherent 
Ox-modules, and Vx the category of coherent Ox-modules with finite homo- 
logical dimension, i.e., coherent Ox-modules which admit a finite resolution 
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by locally-free coherent Ox-modules. If we let K(V,) = K(X), K(gx) be 
the respective Grothendieck groups, then there is a canonical isomorphism 
K : K(?Tx) -+ K(Vx) = K(X) given by K(F) = xi=0 (-l>i [class of Ei] 
where 0-t E,-+ Evpl-+ *.*-+ E1 -+ E, -+ F --f 0 is a locally-free resolution 
of F. Henceforth we shall identify K(qx) with K(X) through this canonical 
isomorphism K. Our purpose here is to show that if s1 ,..., s, is a Serre sequence 
of a locally-free coherent Ox-module E, then Z,(s, ,..., s,) is in K,(X) and 
its class in Gr’(X) is precisely pth Chern class of E, under the hypothesis 
that X is a Jacobson prescheme of Cohen-McCauley type. Our idea is the 
obvious one, namely a computation of Z,(s, ,..., s,) via the generalized 
Koszul complex K(p; si ,..., s,) in view of Theorem 2.1. 
hMMA 2.5. Let X be a prescheme and let F be a locally-free coherent 
Ox-module of rank n, whose class in K(X) is denoted by x. Then for any j > 0, 
-M( -x) = M(x) - c h”l(X) hyx) + c P’(X) kyx) hyr) - . . . 
where the nth sum on the right is over all n-tuples (sr ,..., s,) of positive 
integers whose sum is j. 
Proof. We use induction on j, the case j = 1 being trivial. If F( j) denotes 
the right-hand side of the given expression, then 
j-1 j-1 
F(j) = %(x) - c X”(x) F(j - k) = Z(x) + 1 h”(x) A+“(-%) 
k=l k=l 
= -hj( -x) + i h”(x) Xj-“(-x) = +-x) + %(x - x) = 4(-x). 
k=O 
PROPOSITION 2.6. Let X be a prescheme and E, F locally-free coherent 
Ox-modules of rank m, n resp., where m 3 n. If 01 : E -tF is a Ox-homo- 
morphism such that K( cy. is acyclic, then the class of Coker An 01 in K(X) is ) 
h”(y) - Am(x) Xm-“(& - 3) where x, y  denote the class in K(X) represented by 
E, F resp., and f  denotes the dual of x. 
Proof. The generalized Koszul complex K(N) is given by 
. ..~~~oj.FX~~FX~~F~O”i’lj;l’s=E 
, 
+8~o;;FX@~F”@n+~=‘E+ c iF*@xE 
I s>o 
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and therefore, if it is acyclic, (the class of Coker An a) 
= X”(y) - An(x) - 1 AS($) A”+“(x) - c h”l(jq xy 5) x+s’+yx) 
s>o Si>O 
+ ... = h”(y) - h”(x) + An+l(x) Al(j) 
+ h”+yX)[h2(j) - c h”l(f) A”“(jq] 
s,+s,=2 
+ ... + X~(x)[A-yj) - 1 xyjq P(j) + ...I 
&=m-n 
which by Lemma 2.5 is equal to 
(*> h”(y) - A”(x) - An+l(x) hl( -9) - P+yx) P( -p> 
- . . . - --h”(x) A”-“( -5). 
Since E has rank m, we know that A8 E is isomorphic to (Am-, E)* @ A” E 
i.e., X”(x) = h”-8(Q Am(x). Therefore (*) becomes 
h”(y) - h”(x) h”-“(a) - P(x) P-“-‘(4) K( -9) 
- A”(x) P-“-2(4) h2( -j) - . . . - hyx) A+“( -9) 
= h”(y) - Pqx) h-y2 - 5). 
Now let E be a locally-free coherent Ox-module of rank r, and let si , ss ,..., s, 
be a Serre sequence of E. We recall that Z,(s, ,..., sr) is the subprescheme of 
X whose structural sheaf is given by Or/Q; s1 ,..., s,) = H,(K(p; s, ,,.., s,)) 
where K(p; si ,..., s,) is the generalized Koszul complex associated to 
(s,@-*@sJ*: E*+O, . r--O+l If X is a Jacobson prescheme of Cohen- 
McCauley type, then K(p; s, ,..., s,) is acyclic and therefore the structural 
sheaf of Z,(s, ,..., s,) is a coherent Or-module of finite homological dimension 
and thus represents an element in K(X). 
THEOREM 2.7. Let X be a Jacobson prescheme of Cohen-McCauley type, 
and E a locally-free coherent Ox-module of rank r. I f  s, , s2 ,..., s, is a Serre 
sequence of E, then Z,(s, ,..., s,) is in K,(X) and its class in Gr’(X) is the pth 
Chern class of E. 
Proof. Let us denote by [Z,(s, ,..., s,)] its class in K(X). By Proposition 
3.6, 
r-as1 ,***, s,)] = Xr++l(r - p + 1) - A’(%) hp-1(X - (r - p + 1)) 
= 1 - A’(a) A”-l(x - r + p - 1) 
= AT(2)[AT(x) - W1(x - r +p - l)]. 
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But 
h’(x) = X’(x + 1 - 1) = h’(x - 1) + A’-‘(x - 1) 
= h’(x - 1) + A’-1(x - 2 + 1) 
= A’(x - 1) + /v-1(x - 2) + P(X - 2) = *** 
=h’(x-l)+h’-yx-2)+*~*+X”(x--++p-l) 
+ A”-l(x -r +p - l), 
and therefore 
LG(~l P.‘., s,)] = qqqx - 1) + A’-yx - 2) + -** + X”(x - r +p - I)] 
= qf)[y”(x - i-) + yp+yx - r) + *** + yyx - Y)] 
= yqx - Y) + y+yx - Y) + *** + yyx - I) 
+ y’(A’(a) - I)[y”(x - Y) + *** + y”(x - Y)] 
E y”(x - Y) (mod K,+,(X)). 
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